I n this short paper we b r i e f l y o u t l i n e two cubic s p l i n e based approximation schemes for the solution of inverse problem involving the vibration of f l e x i b l e beams with attached tip bodies.
The i d e n t i f i c a t i o n problem i s f o r m u l a t e d a s t h e l e a s t s q u a r e s f i t t o d a t a of a hybrid system of coupled partial and ordinary d i f f e r e n t i a l e q u a t i o n s d e s c r i b i n g t h e dynamics of t h e beam and t i p bodies.
The r e s u l t i n g o p t i m i z a t i o n problem i s infinite dimensional and as such, n e c e s s i t a t e s t h e u s e of some form of approximation. The schemes we have developed are based upon t h e c o n s t r u c t i o n of a sequence of approximating i d e n t i f i c a t i o n problems i n which the underlying c o n s t r a i n i n g s t a t e e q u a t i o n s a r e s e m i -d i s c r e t e f i n i t e dimensional approximations to the infinite dimensional distributed system which governs the original i d e n t i f i c a t i o n problem.
Our study includes both t h e o r e t i c a l c o n v e r g e n c e r e s u l t s and numerical testing.
Although our general approach applies to a broad c l a s s of problems, t o i l l u s t r a t e t h e two methods, we consider the problem of i d e n t i f y i n g t h e s p a t i a l l y i nv a r i a n t f l e x u r a l s t i f f n e s s q1 and l i n e a r mass d e n s i t y q2 f o r a beam of length II clamped a t one end and cantilevered at the other with a t i p ( p o i n t ) mass of magnitude 43 which i s a l s o t o be i d e n t i f i e d . Using the Euler-Bernoulli theory and elementary Newtonian mechanics, the system of equations d e s c r i b i n g t h e t r a n s v e r s e d e f l e c t i o n of the beam and t + p mass i s obtained where f and g d e n o t e e x t e r n a l l y a p p l i e d l a t e r a l l o a d s ( s e e [ 2 ] 1.
conditions are given by
The i n i t i a l c o n d i t i o n s a r e of the form CH2093-3/84/0000-1692 $1 .OO 0 1984 IEEE
The i d e n t i f i c a t i o n problem i s stated formally as (ID): The f i r s t approximation scheme, which i s described i n d e t a i l i n 161, i s based upon t h e r e c a s t i n g of (1)- 
$ E Ho(O,E) and l e t F o ( t ) = ( g ( t ) , f ( t , * ) ) , 6 = ($(II),$) and $ = ( $ ( a ) , $ ) where $(!?,I E R i s specif i e d i f i t is not well defined. W e then rewrite (1)-( 4 ) a s an abstract second-order system i n H;
where ; ( t ) = ( u ( t , I I ) , u ( t , * ) ) 8 H and Dt = & .
The operator Ao(q) can then be w r i t t e n i n f a c t o r e d form a s
Let Z = H X H with inner product < z , w >~ = <qlzl,wl>H + a0(q)z2,w2>H.
Choosing our state as z ( t ) -(Lu(t),Dt;(t)) we r e w r i t e ( 5 ) , ( 6 ) as t h e f i r s t -o r d e r system i n Z given by
where A(q):Dom(L*)xVCZ+Z i s given in matrix form by assumed t o be an element i n V ) . The operator A(q) i s densely defined and skew s e l f a d j o i n t . It t h e r e f o r e generates (see (81) The approximating identification problems for the f i r s t method t a k e t h e form (IDN1):
Find qeQ which minimizes J ( q ; C l ( * ) z N ( * ; q ) ) subject to zN(*;q) being given by ( 9 ) .
Under 
Using standard approximation results from l i n e a r semigroup theory ( s e e [ 5 ] ) and t h e p r o p e r t i e s of s p l i n e f u n c t i o n s ( s e e [ 7 ] ) t o e s t a b l i s h c o n v e r g e n c e of t h e s t a t e a p p r o x imations, i t can then be argued that i s a s o l u t i o n t o problem (ID).
-N The second approximation scheme involves the r e w r i t i n g of (1)-(4) in an equivalent weak/variational form (see [4] ). Let H and V be as they have been defined pre1ipsly. Gefine the inner product on V , by <+,$>, = <L4,LroH. W e have the usual dense embeddings V C H C V' where V' i s the dual of V. W e consider the weak form of (1)- (4) R1O(q)D:;(t),bH + a ( : ( t ) , i ; q ) = < F o ( t ) , k H , ~E V , t e ( 0 , T ) (10)
where t h e b i l i n e a r form a ( * , * ; q ) on VxV i s defined by This
e r i v a t i v e s i n t h e d e f i n i t i o n of the operator +(q) a r e i n t e rp r e t e d i n t h e d i s t r i b u t i o n a l s e n s e and Ao(q) i s cons i d e r e d t o be an element i n j f ( V , V * ) , t h e
W e d e m o n s t r a t e t h e f e a s i b i l i t y of our methods with a simple example.
W e consider a beam of length 1 and use the two schemes described above to estimate i t s s t i f f n e s s 41, i t s l i n e a r mass d e n s i t y 42 and t h e magnitude of a t i p mass 43.
W e assumed t h a t t h e system was i n i t i a l l y a t rest (Ip=r(l=O) and then excited v i a t h e d i s t r i b u t e d l a t e r a l l o a d f ( t , x )
= exsin 2nt
and t h e p o i n t f o r c e g ( t ) = 2e'2t a c t i n g on t h e t i p mass. Displacement observations at positions xj = .5,
.75, 1.0, j=1,2,3, at times t i l ; . 5 i , i = 1 , 2 , . . . , 1 0 , were generated using the "true parameter values q 1 = 1.0, q2 = 3.0 and 93 = 1.5, the f i r s t two n a t u r a l modes of t h e system and a standard Galerkin method. The a p p r o x i m a t i n g i d e n t i f i c a t i o n problems (IDN1) and (IDN2) were solved using an iterative LevenbergMarquardt scheme with the approximating state e q u a t i o n s s o l v e d a t e a c h i t e r a t i o n u s i n g a v a r i a b l e order Adams Predictor Corrector method.
The " s t a r tup" v a l u e s f o r t h e unknown parameters were taken t o be q1 = .7, q2 = 2.7 and qo = 1.7. Our r e s u l t s f o r 3 methods 1 and 2 are given in Tables   1 and 2 r e s p e c t i v e l y below.
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